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SOME GENERALIZATIONS OF HERMITE-HADAMARD TYPE INTEGRAL
INEQUALITIES AND THEIR APPLICATIONS
MUHAMMAD MUDDASSAR AND MUHAMMAD IQBAL BHATTI
ABSTRACT. In this paper, we establish various inequalities for some differentiable map-
pings that are linked with the illustrious Hermite- Hadamard integral inequality for map-
pings whose derivatives are (h − (α,m))-convex.The generalized integral inequalities
contribute some better estimates than some already presented. The inequalities are then
applied to numerical integration and some special means.
1. INTRODUCTION
Let f : I ⊂ R → R be a function defined on the interval I of real numbers. Then f is
called convex if
f(t x+ (1− t) y) ≤ t f(x) + (1− t) f(y)
for all x, y ∈ I and t ∈ [0, 1]. Geometrically, this means that if P, Q and R are three distinct
points on graph of f with Q between P and R, then Q is on or below chord PR. There are
many results associated with convex functions in the area of inequalities, but one of those
is the classical Hermite Hadamard inequality:
f
(
a+ b
2
)
≤
1
b− a
∫ b
a
f(x)dx ≤
f(a) + f(b)
2
(1.1)
for a, b ∈ I, with a < b.
In [5], H. Hudzik and L. Maligranda considered, among others, the class of functions which
are s−convex in the first and second sense. This class is defined as follows:
Definition 1. A function f : [0,∞)→ R is said to be s−convex or f belongs to the class
Kis if
f(µx+ ν y) ≤ µs f(x) + νs f(y) (1.2)
holds for all x, y ∈ [0,∞), µ, ν ∈ [0, 1] and for some fixed s ∈ (0, 1].
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Note that, if µs + νs = 1, the above class of convex functions is called s-convex func-
tions in first sense and represented by K1s and if µ + ν = 1 the above class is called
s-convex in second sense and represented by K2s .
It may be noted that every 1-convex function is convex. In the same paper [5] H. Hudzik
and L. Maligranda discussed a few results connecting with s−convex functions in second
sense and some new results about Hadamard’s inequality for s−convex functions are dis-
cussed in [4], while on the other hand there are many important inequalities connecting
with 1-convex (convex) functions [4], but one of these is (1.1).
In [9], V.G. Mihesan presented the class of (α,m)-convex functions as reproduced below:
Definition 2. The function f : [0, b] → R is said to be (α,m)-convex, where (α,m) ∈
[0, 1]2, if for every x, y ∈ [0, b] and t ∈ [0, 1] we have
f(tx+m(1− t)y) ≤ tαf(x) +m(1− tα)f(y)
Note that for (α,m) ∈ {(0, 0), (α, 0), (1, 0), (1,m), (1, 1), (α, 1)} one receives the fol-
lowing classes of functions respectively: increasing, α-starshaped, starshaped, m-convex,
convex and α-convex.
Denote byKαm(b) the set of all (α,m)-convex functions on [0, b] with f(0) ≤ 0. For recent
results and generalizations referring m-convex and (α,m)-convex functions see [1], [2]
and [16].
M. Muddassar et. al., define a new class of convex functions in [12] named as s-(α,m)-
convex functions as reproduced below
Definition 3. A function f : [0,∞) → [0,∞) is said to be s-(α,m)-convex function in
first sense or f belongs to the class Kα,sm,1 , if for all x, y ∈ [0,∞) and µ ∈ [0, 1], the
following inequality holds:
f(µx+ (1− µ)y) ≤ (µαs) f(x) +m (1− µαs) f
( y
m
)
where (α,m) ∈ [0, 1]2 and for some fixed s ∈ (0, 1].
Definition 4. A function f : [0,∞) → [0,∞) is said to be s-(α,m)-convex function in
second sense or f belongs to the class Kα,sm,2 , if for all x, y ∈ [0,∞) and µ, ν ∈ [0, 1], the
following inequality holds:
f(µx+ (1− µ)y) ≤ (µα)
s
f(x) +m (1− µα)
s
f
( y
m
)
where (α,m) ∈ [0, 1]2 and for some fixed s ∈ (0, 1].
Some Generalizations of Hermite-Hadamard type Integral Inequalities and Their Applications 3
Note that for s = 1, we get Kαm(I) class of convex functions and for α = 1 and m = 1,
we get K1s (I) and K2s (I) class of convex functions.
In [18], S. Varosˇanec define the following class of convex functions as reproduced below:
Definition 5. Let h : J ⊆ R → R be a non-negative function, h 6= 0. We say that
f : I ⊆ R → R is an h-convex function (or that f belongs to the class SX(h, I)) if f is
non-negative and for all x, y ∈ I , µ, ν ∈ (0, 1) and µ+ ν = 1, we have
f(µx+ νy) ≤ h(µ)f(x) + h(ν)f(y)
if the above inequality reversed, then f is said to be h-concave (or f ∈ SV (h, I)).
Evidently, if h(µ) = µ, then all non-negative convex functions belong to SX(h, I) and
all non-negative concave functions belong to SV (h, I); if h(µ) = 1
µ
, then SX(h, I) =
Q(I); if h(µ) = 1, then P (I) ⊆ SX(h, I); and if h(µ) = µs, where s ∈ (0, 1], then
K2s ⊆ SX(h, I). In [16], M. E. ¨Ozdemir et. al., define a new class of convex functions as
below:
Definition 6. Let h : J ⊆ R → R be a non-negative function, h 6= 0. We say that
f : I ⊆ R → R is an (h − (α,m))-convex function (or that f belongs to the class
SX((h(α,m)), I)) if f is non-negative and for all x, y ∈ I and λ ∈ (0, 1) for (α,m) ∈
[0, 1]2, we have
f(λx+m(1− λ)y) ≤ hα(λ)f(x) +m(1− hα(λ))f(y)
if the above inequality is reversed, then f is said to be (h − (α,m), I)-concave, i.e., f ∈
SV (h− (α,m), I).
Evidently, if h(λ) = λ, then all non-negative convex functions belong to Kαm(I). In [4]
S. S. Dragomir et al. discussed inequalities for differentiable and twice differentiable func-
tions connecting with the H-H Inequality on the basis of the following Lemmas.
Lemma 1. Let f : I ⊆ R → R be differentiable function on I◦ (interior of I), a, b ∈ I
with a < b. If f ′ ∈ L1([a, b]), then we have
f
(
a+ b
2
)
−
1
b− a
∫ b
a
f(x)dx =
(b− a)
4
∫ 1
0
(1− t)
[
f ′
(
ta+ (1− t)
a+ b
2
)
−f ′
(
tb+ (1− t)
a+ b
2
)]
dt (1.3)
In [3], Dragomir and Agarwal established the following results connected with the right
part of (1.3) as well as to apply them for some elementary inequalities for real numbers
and numerical integration.
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Lemma 2. Let f : I◦ ⊆ R → R be differentiable function on I◦, a, b ∈ I with a < b. If
f ′ ∈ L1[a, b], then
f(a) + f(b)
2
−
1
b− a
∫ b
a
f(x)dx =
(b − a)2
2
∫ 1
0
t(1− t)f ′′(ta+ (1 − t)b)dt (1.4)
Here We give definition of Beta function of Euler type which will be helpful in our next
discussion, which is for x, y > 0 defined as
β(x, y) =
Γ(x).Γ(y)
Γ(x+ y)
=
∫ 1
0
tx−1 (1− t)y−1 dt
This paper is in the direction of the results discussed in [6] but here we use (h− (α,m))-
convex functions instead of s-convex function. After this introduction, in section 2 we
found some new integral inequalities of the type of Hermite Hadamard’s for generalized
convex functions. In section 3 we give some new applications of the results from section
2 for some special means. The inequalities are then applied to numerical integration in
section 4.
2. MAIN RESULTS
The following theorems were obtained by using the (h− (α,m))-convex function.
Theorem 1. Let f : Io ⊆ R→ R be a differentiable function on Io (interior of I), a, b ∈ I
with a < b. If f ′ ∈ L1[a, b]. If the mapping |f ′| is (h− (α,m))-convex on [a, b], then∣∣∣∣∣f
(
a+ b
2
)
−
1
b− a
∫ b
a
f(x)dx
∣∣∣∣∣≤ (b − a)4
[{
|f ′(a)|+ |f ′(b)|+ 2m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
}
∫ 1
0
(1− t)hα(t)dt+
m
2
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
]
(2.5)
Proof. Taking modulus on both sides of lemma 1, we get∣∣∣∣∣f
(
a+ b
2
)
−
1
b− a
∫ b
a
f(x)dx
∣∣∣∣∣ ≤ b− a4
∫ 1
0
|1− t|
∣∣∣∣f ′
(
ta+ (1 − t)
a+ b
2
)
−f ′
(
tb+ (1 − t)
a+ b
2
)∣∣∣∣ dt
=
b− a
4
{∫ 1
0
(1 − t)
∣∣∣∣f ′
(
ta+ (1− t)
a+ b
2
)∣∣∣∣ dt
+
∫ 1
0
(1− t)
∣∣∣∣f ′
(
tb+ (1− t)
a+ b
2
)∣∣∣∣ dt
}
(2.6)
Since the mapping |f ′| is (h− (α,m)) convex on [a, b], then
|f ′ (tx+ (1− t)y)| ≤ hα(t) |f ′(x)|+m(1− hα(t))
∣∣∣f ′( y
m
)
∣∣∣
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Inequation (2.6) becomes∣∣∣∣∣f
(
a+ b
2
)
−
1
b− a
∫ b
a
f(x)dx
∣∣∣∣∣ ≤ b− a4
[∫ 1
0
(1− t)
{
|f ′(a)| hα(t) +m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
(1− hα(t))} dt+
∫ 1
0
(1− t)
{
|f ′(b)|hα(t) +m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣ (1− hα(t))
}
dt
]
(2.7)
which completes the proof.
Theorem 2. Let f : Io ⊆ R→ R be a differentiable function on Io (interior of I), a, b ∈ I
with a < b. If f ′ ∈ L1[a, b]. If the mapping |f ′|q is (h− (α,m))-convex on [a, b], then∣∣∣∣∣f
(
a+ b
2
)
−
1
b− a
∫ b
a
f(x)dx
∣∣∣∣∣ ≤ (b− a)4(p+ 1) 1p
[{(
|f ′(a)|
q
−m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q)
×
∫ 1
0
hα(t)dt+m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q} 1q
+
{(
|f ′(b)|
q
−m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q)
×
∫ 1
0
hα(t)dt+m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q} 1q ]
(2.8)
Proof. By applying the Ho¨lder’s Integral Inequality on the first integral in the right of
(2.6), we get
∫ 1
0
(1 − t)
∣∣∣∣f ′
(
ta+ (1 − t)
a+ b
2
)∣∣∣∣ dt ≤
(∫ 1
0
(1− t)pdt
) 1
p
(∫ 1
0
∣∣∣∣f ′
(
ta+ (1− t)
a+ b
2
)∣∣∣∣
q
dt
) 1
q
(2.9)
Here ∫ 1
0
(1− t)pdt =
1
p+ 1
(2.10)
and∫ 1
0
∣∣∣∣f ′
(
ta+ (1− t)
a+ b
2
)∣∣∣∣
q
dt = |f ′(a)|
q
∫ 1
0
hα(t)dt
+m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q ∫ 1
0
(1− hα(t)) dt (2.11)
Using the inequalities (2.10) and (2.11), the inequality (2.9) turns to
∫ 1
0
(1 − t)
∣∣∣∣f ′
(
ta+ (1− t)
a+ b
2
)∣∣∣∣ dt ≤
(
1
p+ 1
) 1
p
×
(
|f ′(a)|
q
∫ 1
0
hα(t)dt+m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q ∫ 1
0
(1− hα(t)) dt
) 1
q
(2.12)
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similarly∫ 1
0
(1 − t)
∣∣∣∣f ′
(
tb+ (1 − t)
a+ b
2
)∣∣∣∣ dt ≤
(
1
p+ 1
) 1
p
×
(
|f ′(b)|
q
∫ 1
0
hα(t)dt +m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q ∫ 1
0
(1− hα(t)) dt
) 1
q
(2.13)
which completes the proof.
Corollary 1. Let f : Io ⊆ R→ R be a differentiable function on Io (interior of I), a, b ∈ I
with a < b. If f ′ ∈ L1[a, b]. If the mapping |f ′|q is (h− (α,m))-convex on [a, b], then∣∣∣∣∣f
(
a+ b
2
)
−
1
b − a
∫ b
a
f(x)dx
∣∣∣∣∣ ≤ (b− a)4(p+ 1) 1p
[{
|f ′(a)|+ |f ′(b)| − 2m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
}
∫ 1
0
h
α
q (t)dt+ 2m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
]
(2.14)
Proof. Proof is very similar to the above theorem but at the end we use the following fact:∑n−1
m=1 (Φm +Ψm)
r
≤
∑n−1
m=1(Φm)
r +
∑n−1
m=1(Ψm)
r for (0 < r < 1) and for each m
both Φm,Ψm ≥ 0
Theorem 3. Let f : Io ⊆ R→ R be a differentiable function on Io (interior of I), a, b ∈ I
with a < b. If f ′ ∈ L1[a, b]. If the mapping |f ′|q is (h− (α,m))-convex on [a, b], then∣∣∣∣∣f
(
a+ b
2
)
−
1
b− a
∫ b
a
f(x)dx
∣∣∣∣∣ ≤ (b− a)2 2p+1p
[({
|f ′(a)|
q
−m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q}
∫ 1
0
(1 − t)hα(t)dt+
m
2
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q) 1q
+
({
|f ′(b)|
q
−m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q}
∫ 1
0
(1− t)hα(t)dt+
m
2
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q) 1q ]
(2.15)
Proof. By applying the Ho¨lder’s Integral Inequality on the first integral in the right of
(2.6), we get
∫ 1
0
(1− t)
∣∣∣∣f ′
(
ta+ (1− t)
a+ b
2
)∣∣∣∣ dt ≤
(∫ 1
0
(1− t)dt
) 1
p
(∫ 1
0
(1− t)
∣∣∣∣f ′
(
ta+ (1− t)
a+ b
2
)∣∣∣∣
q
dt
) 1
q
=
(
1
2
) 1
p
(∫ 1
0
(1− t)
[(
|f ′(a)|
q
−m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q)
hα(t) +m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q]
dt
) 1
q
=
(
1
2
) 1
p
({
|f ′(a)|
q
−m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q}∫ 1
0
(1− t)hα(t)dt+
m
2
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q) 1q
(2.16)
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similarly
∫ 1
0
(1 − t)
∣∣∣∣f ′
(
tb+ (1 − t)
a+ b
2
)∣∣∣∣ dt ≤
(
1
2
) 1
p
({
|f ′(b)|
q
−m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q}
∫ 1
0
(1 − t)hα(t)dt+
m
2
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
q) 1q
(2.17)
which completes the proof.
Variants of these results for twice differentiable functions are given below. These can be
proved in a similar way based on Lemma 2.
Corollary 2. Let f : Io ⊆ R→ R be a differentiable function on Io (interior of I), a, b ∈ I
with a < b. If f ′ ∈ L1[a, b]. If the mapping |f ′|q is (h− (α,m))-convex on [a, b], then∣∣∣∣∣f
(
a+ b
2
)
−
1
b− a
∫ b
a
f(x)dx
∣∣∣∣∣ ≤ (b − a)2 2p+1p
[{
|f ′(a)|+ |f ′(b)| − 2m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
}
∫ 1
0
(
1−
t
q
)
h
α
q (t)dt+m
∣∣∣∣f ′
(
a+ b
2m
)∣∣∣∣
]
(2.18)
Theorem 4. Let f : Io ⊆ R→ R be a differentiable function on Io (interior of I), a, b ∈ I
with a < b. If f ′ ∈ L1[a, b]. If the mapping |f ′′| is (h− (α,m))-convex on [a, b], then∣∣∣∣∣f(a) + f(b)2 − 1b− a
∫ b
a
f(x)dx
∣∣∣∣∣ ≤ (b− a)
2
2
[{
|f ′′(a)| −m
∣∣∣∣f ′′
(
b
m
)∣∣∣∣
}
∫ 1
0
t(1− t)hα(t)dt +
m
6
∣∣∣∣f ′′
(
b
m
)∣∣∣∣
]
(2.19)
Theorem 5. Let f : Io ⊆ R→ R be a differentiable function on Io (interior of I), a, b ∈ I
with a < b. If f ′ ∈ L1[a, b]. If the mapping |f ′′|q is (h− (α,m))-convex on [a, b], then∣∣∣∣∣f(a) + f(b)2 − 1b− a
∫ b
a
f(x)dx
∣∣∣∣∣ ≤ (b− a)
2
2
β
1
p (p+ 1, p+ 1)
[{
|f ′′(a)|
q
−m×
∣∣∣∣f ′′
(
b
m
)∣∣∣∣
q}∫ 1
0
hα(t)dt+m
∣∣∣∣f ′′
(
b
m
)∣∣∣∣
q] 1q
(2.20)
Corollary 3. Let f : Io ⊆ R→ R be a differentiable function on Io (interior of I), a, b ∈ I
with a < b. If f ′ ∈ L1[a, b]. If the mapping |f ′′|q is (h− (α,m))-convex on [a, b], then∣∣∣∣∣f(a) + f(b)2 − 1b− a
∫ b
a
f(x)dx
∣∣∣∣∣ ≤ (b − a)
2
2
β
1
p (p+ 1, p+ 1) [{|f ′′(a)| −m×
∣∣∣∣f ′′
(
b
m
)∣∣∣∣
}∫ 1
0
h
α
q (t)dt+m
∣∣∣∣f ′′
(
b
m
)∣∣∣∣
]
(2.21)
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Theorem 6. Let f : Io ⊆ R→ R be a differentiable function on Io (interior of I), a, b ∈ I
with a < b. If f ′ ∈ L1[a, b]. If the mapping |f ′′|q is (h− (α,m))-convex on [a, b], then∣∣∣∣∣f(a) + f(b)2 − 1b− a
∫ b
a
f(x)dx
∣∣∣∣∣ ≤ (b − a)
2
2.6
1
p
[{
|f ′′(a)|
q
−m
∣∣∣∣f ′′
(
b
m
)∣∣∣∣
q}
∫ 1
0
t(1− t)hα(t)dt+
m
6
∣∣∣∣f ′′
(
b
m
)∣∣∣∣
q] 1q
(2.22)
Corollary 4. Let f : Io ⊆ R→ R be a differentiable function on Io (interior of I), a, b ∈ I
with a < b. If f ′ ∈ L1[a, b]. If the mapping |f ′′|q is (h− (α,m))-convex on [a, b], then∣∣∣∣∣f(a) + f(b)2 − 1b− a
∫ b
a
f(x)dx
∣∣∣∣∣ ≤ (b − a)
2
2.6
1
p
[{
|f ′′(a)| −m
∣∣∣∣f ′′
(
b
m
)∣∣∣∣
}
∫ 1
0
t
1
q
(
1−
t
q
)
h
α
q (t)dt+
m
6
∣∣∣∣f ′′
(
b
m
)∣∣∣∣
]
(2.23)
3. APPLICATION TO SOME SPECIAL MEANS
Let us recall the following means for any two positive numbers a and b.
(1) The Arithmetic mean
A ≡ A(a, b) =
a+ b
2
(2) The Harmonic mean
H ≡ H(a, b) =
2ab
a+ b
(3) The p−Logarithmic mean
Lp ≡ Lp(a, b) =


a, if a = b;[
bp+1−ap+1
(p+1)(b−a)
] 1
p
, if a 6= b.
(4) The Identric mean
I ≡ I(a, b) =


a, if a = b;
1
e
(
bb
aa
) 1
b−a
, if a 6= b.
(5) The Logarithmic mean
L ≡ L(a, b) =

 a, if a = b;b−a
ln b − ln a , if a 6= b.
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The following inequality is well known in the literature in [9]:
H ≤ G ≤ L ≤ I ≤ A.
It is also known that Lp is monotonically increasing over p ∈ R, denoting L0 = I and
L−1 = L.
Proposition 1. Let p > 1, 0 < a < b and q = p
p−1 . Then one has the inequality.
|G(a, b) − L(a, b)| ≤
ln b− ln a
4(p+ 1)
1
p
[A (|a|, |b|) + G (|a|, |b|)] . (3.24)
Proof. By Corollary 1 applied for the mapping f(x) = ex setting h(t) = t, α = 1, m = 1
and q = 1 we have the above inequality (3.24).
Proposition 2. Let p > 1, 0 < a < b and q = p
p−1 , then∣∣∣∣A(a, b)I(a, b)
∣∣∣∣ ≤ exp
{
b− a
3.2
2p+1
p
(
H−1 (|a|, |b|) + 2A−1 (|a|, |b|)
)}
Proof. Follows from Corollary 2 for the mapping f(x) = − ln(x) setting h(t) = t, α = 1,
m = 1 and q = 1.
Another result which is connected with p−Logarithmic mean Lp(a, b) is the following
one:
Proposition 3. Let p > 1, 0 < a < b and q = p
p−1 , then∣∣H−1(a, b) − L−1(a, b)∣∣ ≤ (b − a)2β 1p (p+ 1, p+ 1)H−1 (|a|3, |b|3)
Proof. Follows by Corollary 3, for the mapping f(x) = 1
x
setting h(t) = t, α = 1, m = 1
and q = 1.
Proposition 4. Let p > 1, 0 < a < b and q = p
p−1 , then
∣∣A(an, bn)− Lpp(a, b)∣∣ ≤ |n(n− 1)| (b− a)2
2.6
p+1
p
A
(
|a|p−2, |b|p−2
)
Proof. Follows by Corollary 4, for the mapping f(x) = (1− x)n setting h(t) = t, α = 1,
m = 1 and q = 1.
4. ERROR ESTIMATES FOR MIDPOINT FORMULA AND TRAPEZOIDAL FORMULA
Let K be the a = x0 < x1 < ... < xn−1 < xn = b of the interval [a, b] and consider
the quadrature formula ∫ b
a
f(x)dx = S(f,K) +R(f,K) (4.25)
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where
S(f,K) =
n−1∑
i=0
f
(
xi + xi+1
2
)
(xi+1 − xi)
for the midpoint version and R(f,K) denotes the related approximation error.
S(f,K) =
n−1∑
i=0
f(xi) + f(xi+1)
2
(xi+1 − xi)
for the trapezoidal version and R(f,K) denotes the related approximation error.
Proposition 5. Let f : I ⊆ R → R be a differentiable mapping on Io such that f ′ ∈
L1[a, b], where a, b ∈ I with a < b and |f ′| is convex on [a, b], then
|R(f,K)| ≤
1
2
2p+1
p
n−1∑
i=0
(xi+1 − xi)
2
2
(|f ′(xi)|+ |f
′(xi+1)|) . (4.26)
Proof. By applying subdivisions [xi, xi+1] of the division k for i = 0, 1, 2, ..., n− 1 on
Corollary 2 setting h(t) = t, α = 1, m = 1 and q = 1 taking into account that |f ′| is
convex, we have∣∣∣∣ 1xi+1 − xi
∫ xi+1
xi
f(x)dx− f
(
xi+1 + xi
2
)∣∣∣∣ ≤ xi+1 − xi
2
3p+1
p
(|f ′(xi+1)|+ |f
′(xi)|) (4.27)
Taking sum over i from 0 to n− 1, we get∣∣∣∣∣
∫ b
a
f(x)dx−S(f,K)
∣∣∣∣∣ =
∣∣∣∣∣
n−1∑
i=0
{∫ xi+1
xi
f(x)dx−f
(
xi+1 + xi
2
)
(xi+1 − xi)
}∣∣∣∣∣
≤
n−1∑
i=0
∣∣∣∣
{∫ xi+1
xi
f(x)dx−(xi+1 − xi) f
(
xi+1 + xi
2
)}∣∣∣∣
=
n−1∑
i=0
(xi+1 − xi)
∣∣∣∣
{
1
(xi+1 − xi)
∫ xi+1
xi
f(x)dx
−f
(
xi+1 + xi
2
)}∣∣∣∣ (4.28)
By combining (4.27) and (4.28), we get (4.26). Which completes the proof.
Proposition 6. Let f : I ⊆ R → R be a twice differentiable mapping on Io such that
f ′′ ∈ L1[a, b], where a, b ∈ I with a < b and |f ′′| is (α,m)-convex on [a, b], then
|R(f,K)| ≤
β(α+ 2, 2)
(6)
1
p
n−1∑
i=0
(xi+1 − xi)
3
2
(
|f ′′(xi)|+mα(α+ 5)
∣∣∣f ′′ (xi+1
m
)∣∣∣)
Proof. Proof is very similar as that of Proposition 5 by using corollary 4 setting h(t) = t.
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